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Abstract
We argue that there is nothing puzzling in the fact that the Hamiltonian formulation of a
covariant theory, General Relativity, after a non-covariant change of field variables is not canon-
ically related to the formulation based on the original variable, the metric tensor. Were such a
puzzle to be “solved” it would lead to the conclusion that a covariant theory can be converted
into a non-covariant one in many different ways and without consequence. The non-canonicity of
transformations from covariant to non-covariant variables shows the need to work in the original
variables so as to be able to restore the covariant gauge transformations in the Hamiltonian ap-
proach. Any modification of Dirac’s procedure for the constrained Hamiltonian with the aim to
prove the legitimacy of non-covariant changes of field variables, or rejection of Dirac’s procedure as
“not fundamental and undoubted” because it does not allow such changes (as recently suggested by
Shestakova [CGQ, 28 (2011) 055009]), is equivalent to the rejection of the covariance of General
Relativity, and to surrender to such temptation is truly puzzling.
∗Electronic address: nkiriush@uwo.ca
†Electronic address: pkomoro@uwo.ca
‡Electronic address: skuzmin@uwo.ca
1
“Numquam ponenda est pluralitas sine necessitate.”
William of Ockham (1285-1349)
Plurality must never be posited without necessity.
I. INTRODUCTION
The term “non-canonicity puzzle” was coined in [1] to describe the apparently contradic-
tory results of applying the Dirac procedure to the Hamiltonian formulations of constrained
systems [2], in particular, to the Einstein-Hilbert (EH) and to the Arnowitt-Deser-Misner
(ADM) [3, 4] actions. The contradiction arises from the fact that the ADM action can be
obtained from the EH action by an invertible change of variables, which is an admissible
procedure at the Lagrangian level. Yet at the same time, the corresponding Hamiltonians
are not related to each other by a canonical transformation [5]; therefore, they are not equiv-
alent at the Hamiltonian level. We shall use Lagrangian methods to explore this apparent
paradox.
In the case of the two older Hamiltonian formulations due to Pirani, Schild, and Skin-
ner (PSS) [6] and due to Dirac [7], where the metric tensor is used as a field variable, the
first-class constraints and their algebra of Poisson brackets (PBs) lead to diffeomorphism
invariance1 in both formulations, as demonstrated in [9] and [5]. The PSS and Dirac Lagra-
gians differ by a total derivative that Dirac added to simplify the primary constraints [7];
this difference does not affect the equations of motion, which in both cases are Einstein’s
original equations, as the field variables in these two formulations are the same: the compo-
nents of the metric tensor. When the same Dirac Hamiltonian method is applied to the ADM
action, a different (though unique) symmetry follows, which is known by many names: “spa-
tial diffeomorphism”, “special induced diffeomorphism”, “field-dependent diffeomorphism”,
“foliation preserving diffeomorphism”, “one-to-one correspondence”, and “one-to-one map-
ping” (see [5] and references therein). Because the two symmetries, diffeomorphism and the
symmetry that follows from the Hamiltonian analysis of the ADM action, are distinct, it is no
surprise that the corresponding Hamiltonians are not equivalent and that the field variables
1 We understand diffeomorphism invariance (diff ) to mean “active” [8] (p. 62), when “coordinates play no
role”, i.e. the transformations of fields are written in the same coordinate system.
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are not related by a canonical transformation, as was explicitly demonstrated in [5]. Further,
as it was conjectured in [10] for Hamiltonians with constraints, based on the comparison of
the two equivalent Hamiltonians (leading to the same symmetry) of PSS [6, 9] and Dirac
[5, 7], the ordinary canonicity condition [11] (PBs for two sets of phase-space variables) is
only a necessary condition; the whole structure of PB algebra of first-class constraints must
also be preserved.
There is nothing puzzling in the non-equivalence of two Hamiltonians with different sym-
metries. But the change of field variables performed by ADM is invertible, and such changes
could keep two actions equivalent; yet, in the case of the EH action we are dealing with a
singular (gauge invariant) and generally covariant theory, and in passing to the ADM action,
a non-linear and non-covariant change of variables is performed. How does this change affect
the results? The disappearance of diffeomorphism invariance in the Hamiltonian formulation
of the ADM action was proclaimed long ago, e.g. in the statement of Isham and Kuchar [12]:
“the full group of spacetime diffeomorphism has somehow got lost in making the transition
from the Hilbert action to the Dirac-ADM action” (italic is ours)2. If diffeomorphism is the
gauge symmetry of the EH action and its Hamiltonian formulation, and it “got lost” in the
ADM action, then the two actions cannot be equivalent; and the “somehow” only arises in
making the transition – a non-covariant and non-linear change of field variables. To us, it
appears that the conclusion in [12] was based on the results of Hamiltonian analysis, not on
an analysis at the Lagrangian level, about which “the ADM action” statement is made.
In [13] we considered the symmetries of the EH action at the Lagrangian level. We
compared the diffeomorphism transformation and the transformation that follows from the
Hamiltonian analysis of the ADM action for the same field: the metric tensor (the ADM
transformations are known, and the redefinition of their variables in terms of the metric can
be used to calculate how the metric is transformed under this symmetry). The ADM trans-
formations of the metric tensor can be formally presented as diffeomorphism invariance with
field-dependent gauge parameters (this is the origin of some names for the ADM transforma-
tions, e.g. “field-dependent diffeomorphism”). At the Lagrangian level, by Noether’s second
theorem [14, 15], gauge symmetries are related to differential identities (DIs) – combinations
2 The name of Dirac is used incorrectly in this statement because the Dirac Hamiltonian is not canonically
related to the ADM Hamiltonian [5]. In addition, Dirac’s modification of the EH action is performed in
a way that preserves Einstein’s equations [7].
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of Euler-Lagrange derivatives (ELDs) that are identically zero (off-shell). Even if some sym-
metry could be formally presented as another symmetry by a field-dependent redefinition
of gauge parameters, these symmetries would be distinct since they correspond to different
DIs (see [13]). A new DI, obtained in such a way, is an identity; thus, by the converse
of Noether’s second theorem, the ADM transformations of the metric tensor, which are de-
scribed by such DIs, are also a symmetry of the EH action; and many other “field-dependent
diffeomorphisms” can be constructed by using different redefinitions of the parameters. Is
such a plurality of symmetries also a plurality of equally good outcomes? The study of the
group properties of such transformations for the EH action [13] shows that only one (unique)
symmetry has group properties: diffeomorphism; and the other symmetries, which are easily
constructed by relating the gauge symmetries by using a field-dependent redefinition of the
gauge parameters, including the ADM symmetry, do not have group properties. When the
Dirac algorithm is applied to the EH action it leads exactly to this one (unique), or shall
we say, canonical, gauge symmetry of the EH action (there is no puzzle), and the metric is
a canonical variable of the canonical Hamiltonian formulation of General Relativity (PSS
and Dirac). Note that the DI that describes the diffeomorphism of the metric tensor is a
covariant derivative of a true tensor density; consequently, it is identically zero in all co-
ordinate systems. But all DIs obtained by a non-covariant field-dependent redefinition of
gauge parameters are not true tensors; therefore, the identities are not valid in all coordinate
systems.
In this paper we continue the investigation we began in [13] by studying different symme-
tries and their group properties for the ADM action. In the next Section we briefly review
the origin of the ADM Lagrangian and establish notation. In Section III we study the group
properties of the symmetry, which follows from applying Dirac’s Hamiltonian method to the
ADM action. In Section IV we consider the invariance of the ADM action under diffeomor-
phism (written for the ADM variables) and its group property. In Discussion we analyze
the results of the Lagrangian consideration for the EH and ADM actions, and discuss their
relation to the Dirac Hamiltonian analysis of the same actions. We summarize this work in
Conclusion.
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II. PRELUDE. THE ADM LAGRANGIAN
A long chain of manipulations performed on the EH Lagrangian density gives rise to the
ADM Lagrangian3,
LEH (gµν) −→ LΓΓ (gµν) −→ LDirac (gµν) −→ LADM
(
N,N i, γkm
)
. (1)
It is only for the ADM Lagrangian that the original field variable, the metric tensor, has
been changed to new, non-covariant variables.
The EH action, written in manifestly covariant form, is [16, 17]
SEH (gµν) =
∫
LEH (gµν) d
4x =
∫ √−gRd4x , (2)
where the Ricci scalar, R, contains terms with second-order derivatives of the metric. The
presence of second-order derivatives in time (“accelerations”) does not allow one to pass
to the Hamiltonian formulation directly, since momenta have to be introduced by perform-
ing a variation of the Lagrangian with respect to the first-order derivatives in time of the
metric (the “velocities”). Despite the belief that “accelerations” in the action forbid “any
canonical treatment of the theory” [1], it is possible to work with the original action (where
“accelerations” are present) by a generalization of the Ostrogradsky method [18, 19] (see
also [20]) and to find Hamiltonians for Lagrangians with higher order derivatives, after a
proper generalization of the Ostrogradsky method for constrained systems [21] (also see
[22]). An attempt to work with (2) was made in [23], but to the best of our knowledge it
was never completed, although in our opinion it should be possible. An example of how to
perform the Hamiltonian analysis using the Ostrogradsky method was given in [24] for the
two-dimensional metric and tetrad gravities.
In the first Hamiltonian formulation of the EH action [6] the need to work with the second-
order derivatives in (2) was avoided by using the so-called gamma-gamma form (without
second-order derivatives of the metric in the Lagrangian), which leads to the same equations
of motion,
SΓΓ (gµν) =
∫
LΓΓ (gµν) d
4x =
∫ √−ggµν (ΓρµνΓσρσ − ΓσµρΓρνσ) d4x . (3)
3 We use Greek letters for space-time indices, µ = 0, 1, 2, 3, and Latin letters for space indices, i = 1, 2, 3.
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Action (3) is quadratic in the first-order derivatives of the metric, so it is at most quadratic
in “velocities”; because of this, it is well suited for standard Hamiltonian formulations. The
Hamiltonian formulation of the EH action in the gamma-gamma form, using the Dirac
procedure, was outlined in [6] but not completed; at that time the technique to restore
gauge invariance from the first-class constraints was not known, and even Dirac’s conjecture
about the connection of the first-class constraints and gauge transformations appeared much
later [2]. From the algebra of constraints of the PSS formulation [6], the restoration of
gauge symmetries was performed in [9] by using the Castellani procedure [25]. The total
Hamiltonian has the form [9]
HT = g˙0µφ
0µ + g0µχ
0µ
PSS , (4)
and the entire set of first-class constraints (φ0µ– primary and χ0µ– secondary) leads to
diffeomorphism invariance [9].
Without affecting the equations of motion or changing the original variables, the next
modification was performed a few years later by Dirac [7] who added two total derivatives
to the Lagrangian LΓΓ:
SDirac (gµν) =
∫
LDirac (gµν) d
4x (5)
=
∫ {
LΓΓ (gµν) +
[(√−gg00)
,v
gv0
g00
]
,0
−
[(√−gg00)
,0
gv0
g00
]
,v
}
d4x .
The main goal of Dirac’s modification was to simplify the primary constraints of [6],
which are not pure momenta for the SΓΓ action. In addition, some rearrangements were
made in the course of calculating the Hamiltonian [7]. (The detail analysis of Dirac’s paper
can be found in [5].) The total Hamiltonian of Dirac is
HT = g˙0µpi
0µ + g0µχ
0µ
Dirac . (6)
Note that the primary and secondary first-class constraints in (4) and (6) have a differ-
ent form, but the algebra of PBs among the constraints is the same in both the Dirac and
PSS formulations [10]. The gauge transformations that correspond to the Dirac constraints
were calculated in [5], and as in the case of the PSS formulation, they also lead to diffeo-
morphism invariance. Comparison of the two Hamiltonians (4) and (6) revealed that their
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phase-space variables are related by a canonical transformation [10] (not surprisingly, as
they have the same symmetry), which in addition preserves the structure of the constraint
algebra (although the constraints themselves are different). Both Lagrangians (2) and (3)
are functionals of the metric tensor, and the phase-space variables in both Hamiltonians are
the metric and corresponding momenta.
The ADM Lagrangian can be obtained by performing a change of field variables in the
final form of the Dirac Lagrangian (which is based on the Hamiltonian analysis, see Section
4.5 of [5]):
N =
(−g00)−1/2 , N i = − g0i
g00
, γkm = gkm . (7)
This change of field variables is non-linear, non-covariant, yet invertible. The names assigned
to these variables, lapse N and shift N i functions, reflect the non-covariant nature of this
redefinition. In some works Ni is used instead of N
i as an independent variable, but of
course this cannot affect the results. Our choice of N i is dictated by a particular and
common expression for the secondary first-class constraints of the ADM Hamiltonian NµHµ
(e.g. see [26])
HT = N˙
µpµ +N
µHµ . (8)
Note that this form is not covariant, as Nµ = (N,N i) and Hµ = (H⊥,Hk) are quantities
that are neither vectors nor components of some covariant quantities; unlike the Hamiltonian
formulation of the EH action in the PSS or Dirac forms, where the secondary constraints χ0µ
enter the total Hamiltonian as a combination g0µχ
0µ, which is a contraction of χ0µ with the
components of a true tensor (see (6) and (7)). The inverse transformations for the covariant
and contravariant metric tensors are easy to find from (7) by using gµνg
να = δαµ (see also,
e.g. [25]):
gµν =

 γijN iN j −N2 γijN j
γijN
j γij

 , gµν =

 − 1N2 N iN2
N i
N2
γij − N iNj
N2

 ; (9)
where γik is defined by γikγkm = δ
i
m. We note that the independent field variables of
the ADM Lagrangian are N,N i, and gkm, so the combination γ
km − NkNm
N2
is gkm, since
γkm = ekm = gkm − g0kgom
g00
= gkm + N
kNm
N2
. The combination ekm was introduced by Dirac
[7]; and to avoid unnecessary complications with notation, we shall use gkm and Dirac’s
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short form ekm, which makes the comparison of transformations for the metric and the
ADM variables more transparent. The ADM Lagrangian is reported in many places (e.g.
[27, 28]), and it is usually written in the following form:
LADM =
√
det gkmN
(
ErsabKrsKab +R3
)
, (10)
where
Ersab = erseab − erbeas, (11)
Krs =
1
2N
(
grpN
p
,s + gspN
p
,r +N
pgrs,p − grs,0
)
, (12)
R3 = gmn,ktE
mnkt + gmn,kgpq,tF
mnkpqt (13)
with
Fmnkpqt =
1
4
(
Emnpqekt − 2Ektpnemq − 4Epqntemk) . (14)
Note that the form of R3 is the result of a calculation in the Dirac Hamiltonian formu-
lation. And R3 is also equivalent to a similar expression used by Dutt and Dresden [23].
The Dirac Lagrangian is not only a modification of LΓΓ of the PSS Lagrangian, but because
of further rearrangements it also contains expressions that include terms with second-order
derivatives, as in (2) (for the details of how the ADM Lagrangian follows from the Dirac
Hamiltonian analysis by the change of variables (7) see [5]). Equation (12) is written in a
form where the basic variables N,N i, and gkm are presented explicitly. The shorter, more
frequently used form of (12) is less suitable for calculations; but nothing can be shorter than
√−gR, and for a covariant theory the covariant form is always preferable.
The Dirac procedure applied to the ADM Lagrangian (10) leads to the total Hamiltonian
in the form (8). The gauge transformations that follow are not diffeomorphism, and this
formulation is not canonically related to Dirac’s (this is not unexpected since they have
different gauge transformations). This difference of transformations in the Hamiltonian
approach leads to the conclusion (e.g. of Isham and Kuchar) that “diffeomorphism has
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somehow got lost in making the transition” from the EH action to the ADM action4; and
if a gauge symmetry “got lost”, then two actions cannot be equivalent. In paper [13] we
considered the invariance of the EH action under two transformations (diffeomorphism and
ADM) and demonstrated that both, and many others, are symmetries of the EH action; but
the one that has a group property is diffeomorphism. In this paper we perform the same
analysis for the ADM Lagrangian, and for the same two symmetries. We shall investigate
whether diffeomorphism has really been lost or if it is a symmetry of the ADM action; and
we shall investigate whether or not it is the only symmetry with a group property, as in
the case of the EH action, or do the ADM transformations for the ADM action also have a
group property?
III. GROUP PROPERTIES OF THE ADM TRANSFORMATIONS
Use of the standard Dirac procedure5 for the Hamiltonian formulation of the ADM La-
grangian (8) leads to the following gauge transformations (e.g. see appendix of [25] and
Section 4.3 of [5]):
δADMN = ε
⊥
,jN
j − ε⊥,0 − εiN,i , (15)
δADMN
k = −ε⊥N,jejk + ε⊥,jNekj − εjNk,j + εk,jN j − εk,0 , (16)
and
δADMgkm = ε
⊥ 1
N
[
gknN
n
,m + gmnN
n
,k − gkm,0 +Nngkm,n
]− εi,mgik − εi,kgim − εigkm,i , (17)
4 In the literature, despite this loss of diffeomorphism, which is the gauge symmetry of the EH action
and Hamiltonian formulations of the PSS and Dirac actions, the equivalence of EH and ADM actions is
presumed, e.g. in the title of the original ADM paper [3]: “Dynamics of General Relativity”, or in [26]:
“the canonical formalism [ADM] of GR”, or in [29]: “the ADM decomposition of the Einstein-Hilbert
action”, or in [30]: “the true Hamiltonian dynamics of general relativity”.
5 Dirac’s procedure includes: introducing momenta to all fields; finding the primary constraints; consider-
ing their time development until the closure is reached; eliminating second-class constraints; constructing
gauge generators using all first-class constraints; and finding the transformations of all phase-space vari-
ables, which after elimination of momenta give the gauge transformations in terms of the original variables
that enter the Lagrangian. For the EH action in the gamma-gamma form (second order), there are no
second-class constraints; but, e.g. for the affine-metric, first-order, formulation of GR [31–33], second-class
constraints do appear [34–37].
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where ε⊥ and εi are gauge (field-independent) parameters. It would be a heroic task to
show directly the invariance of the ADM action (10) under transformations (15)-(17). Al-
ternatively, we can use Noether’s second theorem, which allows one to find a corresponding
identity if a gauge transformation is known. It is a straightforward procedure to check
whether or not an identity that has been found in this way is satisfied. We will also need
the DIs that correspond to (15)-(17) in the next Section.
Using the prescription outlined in [38], we write
δSADM =
∫ [
EδN + EiδN
i + EkmADMδgkm
]
d4x =
∫ [
ε⊥IADM⊥ + ε
kIADMk
]
d4x, (18)
where E, Ei, and E
km
ADM are the Euler-Lagrange derivatives of the ADM action, i.e. E =
δLADM
δN
, et cetera. (We use the subscript ‘ADM ’ in EkmADM to distinguish it from the E
km =
δLEH
δgkm
for the EH action.) The substitution of transformations (15)-(17) into (18) and a
rearrangement of terms (including integration by parts) to single out the gauge parameters
lead to the following DIs:
IADM⊥ = −
(
N jE
)
,j
+ E,0 −N,jejkEk −
(
NekjEk
)
,j
+
1
N
(
gknN
n
,m + gmnN
n
,k − gkm,0 +Nngkm,n
)
EkmADM ≡ 0, (19)
IADMk = −N,kE−Nm,kEm−(NmEk),m+Ek,0+(gknEnmADM),m+(gkmEnmADM),n−gnm,kEnmADM ≡ 0.
(20)
We invite the reader to compare (19)-(20) with the covariant DI of the EH action:
Iµ = ∇νEµν ≡ 0 (21)
(where ∇ν is a covariant derivative)6. We see that the expressions for DIs (19)-(20) are much
larger than (21), and the kind of “geometrical interpretation” of (19)-(20) that might compel
someone to use these DIs and the ADM variables at the Lagrangian level, is inconceivable.
If one were to consider the Lagrangian method as an algorithm (similar to the Hamiltonian
6 The first time this identity appeared along with the EH action was in Hilbert’s work [39, 40].
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analysis) to find a priori unknown symmetries, a prescription for the construction of a DI
would need to be developed. For covariant theories, it is natural to expect covariant DIs to
exist (e.g. see [41]), but it is not at all clear how to find DIs like (19)-(20). These DIs can
only be explicitly checked by substitution of the ELDs of the ADM action into (19)-(20).
Let us, as in [13], find the group property of transformations (15)-(17); this entails a
more complicated calculation compared with similar calculations for the EH action. The
possibility to work with a quasi-covariant form leads to considerable simplification (see [13]).
In this case, separate calculations for the transformations of different fields are needed. We
start from the commutator of two transformations, and begin with the first field (lapse) –
the one that has the simplest expression.
We try to present the commutator
[δ2, δ1]N = (δ2δ1 − δ1δ2)N = δ[1,2]N (22)
in a form that preserves (15)
δ[1,2]N = ε
⊥
[1,2],jN
j − ε⊥[1,2],0 − εi[1,2]N,i (23)
for some expressions, ε⊥[1,2] and ε
i
[1,2] (to shorten notation, we eliminate the subscript ‘ADM ’).
Calculating (22)
[δ2, δ1]N = δ2
[
ε⊥1,jN
j − ε⊥1,0 − εi1N,i
]− δ1 [ε⊥2,jN j − ε⊥2,0 − εi2N,i] =
ε⊥1,jδ2N
j − εi1 (δ2N),i − ε⊥2,jδ1N j + εi2 (δ1N),i (24)
and using the transformations of fields (15)-(16) and the field-independence of the parameters
(not affected by transformations) gives
[δ2, δ1]N = −ε⊥1,k
[
ε⊥2 N,je
jk − ε⊥2,jNek
j
+ εj2N
k
,j − εk2,jN j + εk2,0
]
− εi1
[
ε⊥2,kN
k − ε⊥2,0 − εk2N,k
]
,i
+ ε⊥2,k
[
ε⊥1 N,je
jk − ε⊥1,jNek
j
+ εj1N
k
,j − εk1,jN j + εk1,0
]
+ εi2
[
ε⊥1,kN
k − ε⊥1,0 − εk1N,k
]
,i
.
(25)
Collecting terms with parameters only
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− ε⊥1,kεk2,0 + εk1ε⊥2,0k + ε⊥2,kεk1,0 − εk2ε⊥1,0k = −
(−εk1ε⊥2,k + εk2ε⊥1,k),0 (26)
and comparing with (23) (the term without fields is −ε⊥[1,2],0), we uniquely obtain
ε⊥[1,2] = −εk1ε⊥2,k + εk2ε⊥1,k . (27)
The remaining terms (see (25)) must be combined into ε⊥[1,2],jN
j with the same ε⊥[1,2]; what
is left has to contribute to the second parameter
εk[1,2] = ε
⊥
1,mε
⊥
2 e
mk − εi1εk2,i − ε⊥2,mε⊥1 emk + εi2εk1,i . (28)
Note that the same redefinition of parameters, as was made in the EH Lagrangian (Eq. (37)
of [13]), is responsible for a breakdown of the group properties of the ADM transformations.
We must check the consistency of the structure of parameters (27)-(28), which are a kind
of “structure functions”, for the rest of the fields. We know what kind of the parameter
to expect, and this simplifies the calculations (gives some hint how to sort out terms). A
straightforward calculation leads to the result that the same redefinition works for the shift
and spatial components of the metric tensor, i.e. it is consistent for all fields:
[δ2, δ1]


N
N i
gkm

 = δ[1,2]


N
N i
gkm

 (29)
with ε⊥[1,2] and ε
k
[1,2] given by (27)-(28). Note that the explicit form of the transformations is
different for the fields in (29), but the composition of the parameters is the same.
To determine whether or not these transformations form a group, the double commutator
is needed to check the Jacobi identity:
([[δ1, δ2] , δ3] + [[δ3, δ1] , δ2] + [[δ2, δ3] , δ1])


N
N i
gkm

 ≡ 0. (30)
In this case, if it is not zero for one field, then (30) is not an identity and the transformations
do not form a group.
Let us consider the double commutator for the field with the simplest transformation
12
[[δ1, δ2] , δ3]N =
(
δ[1,2]δ3 − δ3δ[1,2]
)
N ; (31)
in a manner similar to (24), we obtain
δ[1,2]
[
ε⊥3,jN
j − ε⊥3,0 − εi3N,i
]− δ3 [ε⊥[1,2],jN j − ε⊥[1,2],0 − εi[1,2]N,i]
= ε⊥3,jδ[1,2]N
j − εi3
(
δ[1,2]N
)
,i
− ε⊥[1,2],jδ3N j + εi[1,2] (δ3N),i +N,iδ3εi[1,2] . (32)
The first four terms on the right hand side of (32) are the same as those in (24), and only
the last one (the fifth term) creates the additional contribution. Consequently, by making a
simple substitution of indices in (27)-(28): 1→ [1, 2] and 2→ 3 (as was performed in [13]),
the first four terms lead to the same results for the parameters. Due to the last contribution
in (32), one extra term will appear, for the εk[[1,2],3] parameter,
ε⊥[[1,2],3] = −εk[1,2]ε⊥3,k + εk3ε⊥[1,2],k , (33)
εk[[1,2],3] = ε
⊥
[1,2],mε
⊥
3 e
mk − εi[1,2]εk3,i − ε⊥3,mε⊥[1,2]emk + εi3εk[1,2],i + δ3εk[1,2] . (34)
To obtain an explicit form, the expressions for ε⊥[1,2] and ε
k
[1,2], (27) and (28), must be
substituted into (34); in the last term only the part of εk[1,2] that is proportional to fields is
needed since only fields are affected by δ3. The final expression is
δ3ε
k
[1,2] =
[
ε⊥1,mε
⊥
2 − ε⊥2,mε⊥1
]
δ3e
mk = − [ε⊥1,mε⊥2 − ε⊥2,mε⊥1 ] ekpemnδ3gpn (35)
=
(
ε⊥2,mε
⊥
1 − ε⊥1,mε⊥2
) [
ε⊥3
1
N
(
emnNk,n + e
kpNm,p + e
mk
,0 − ekm,i N i
)− εm3,pekp − εk3,nemn + εi3ekm,i
]
,
where gkme
mn = δnk was used to find δ3e
mk from (17).
Verifying the Jacobi identity (30) is equivalent to checking the corresponding identity for
the parameters, which for εk is:
εk[[1,2],3] + ε
k
[[3,1],2] + ε
k
[[2,3],1] 6= 0. (36)
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The transformations that follow from the Hamiltonian formulation of the ADM action do
not form a group; this is exactly the same outcome as for the case of the EH action, where the
ADM symmetry was one of many symmetries that can be found at the Lagrangian level by
a non-covariant modification of the DI for the diffeomorphism transformation [13]. The only
difference is that for the EH action, the Hamiltonian formulation leads to diffeomorphism
invariance instead of the ADM transformations for the Hamiltonian formulation of the ADM
action. This difference in symmetries produced by the Dirac procedure is naturally related
to the non-canonicity of these variables between the two Hamiltonians [5]. To complete the
comparison, we have to examine the properties of both symmetries, as we did for the EH
action [13]. Let us find the diffeomorphism transformation for the ADM variables, and check
whether or not it is also a symmetry of the ADM action. Note that we will consider the full
diffeomorphism, not only its “spatial” part, the part that some consider to be a symmetry of
the ADM formulation, and consequently a symmetry of GR (e.g., see [42]: “Unfortunately,
the canonical treatment breaks the symmetry between space and time in general relativity
and the resulting algebra of constraints is not the algebra of four diffeomorphisms”).
IV. IS DIFFEOMORPHISM A GAUGE SYMMETRY OF THE ADM ACTION?
Let us first determine how the ADM variables should transform under diffeomorphism.
The known transformations of the contravariant metric,
δdiff g
µν = ξν,αg
µα + ξµ,αg
να − gµν,α ξα, (37)
and the covariant metric with the same, contravariant gauge parameter ξα,
δdiff gγσ = −gσνξν,γ − gγµξµ,σ − gγσ,αξα, (38)
are needed because the ADM variables are a mixture of covariant and contravariant com-
ponents of the metric tensor (7). (Equation (38) can be obtained from the condition
gµνg
να = δαµ .)
Using change of variables (7), one finds the diffeomorphism transformations of the ADM
variables in terms of the metric by applying (37)
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δdiffN = δdiff
(−g00)−1/2 = −1
2
(−g00)−3/2 (−δdiff g00) . (39)
Substituting δdiff g
00 from (37) and expressing the metric components in (39) in terms of the
ADM variables, one obtains for the lapse N :
δdiffN = −
(
Nξ0
)
,0
+Nξ0,kN
k − ξkN,k . (40)
Repeating the same calculations for the shift Nk and space-space components gkm yields:
δdiffN
k = +ξ0,mN
2eim − ξi,0 + ξi,pNp −N i,0ξ0 −N i,kξk −N iξ0,0 +N iξ0,kNk, (41)
δdiff gkm = −gkpNpξ0,m − gkpξp,m − gmpNpξ0,k − gmpξp,k − gkm,0ξ0 − gkm,pξp. (42)
If these transformations are a gauge symmetry of the ADM action, then the corresponding
Noether’s DIs must exist and they can be easily restored, similarly to (18) of the previous
Section,
δSADM =
∫ [
EδdiffN + EiδdiffN
i + EkmADMδdiff gkm
]
d4x =
∫ [
ξ0I
diff
0 + ξ
kI
diff
k
]
d4x. (43)
Simple rearrangements then lead to:
I
diff
0 = +NE,0 −
(
NNkE
)
,k
− (N2eimEi),m −N i,0Ei + (N iEi),0 − (N iNkEi),k
+
(
gkpN
pEkmADM
)
,m
+
(
gmpN
pEkmADM
)
,k
− gkm,0EkmADM ≡ 0, (44)
I
diff
k = −N,kE +Ek,0 − (NpEk),p −N i,kEi + (gnkEnmADM),m+ (gmkEnmADM),n − gnm,kEnmADM ≡ 0.
(45)
The correctness of these DIs can be checked by direct substitution of the ELDs of the
ADM action into (44)-(45). Because the DIs for ADM transformations are already known,
(19)-(20), to prove that (44)-(45) are indeed DIs (and according to the converse of Noether’s
second theorem, the corresponding transformations are a gauge invariance of the ADM
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action), it is enough to show that they are a linear combination of the known DIs. Let
us seek such connections. Compare DI (20) for the ADM transformation and DI (45) for
diffeomorphism; we find that they are identical,
I
diff
k = I
ADM
k . (46)
DI (19) for the ADM transformations and DI (44) for diffeomorphism are not the same;
but we observe that the terms with time derivatives of the ELDs for the lapse in (19) is +E,0 ,
and in (44) it is +NE,0 . This suggests the relation I
diff
0 = NI
ADM
⊥ + .... After collecting
such terms, the analysis of the remainder leads to the extra contribution proportional to
IADMk ,
I
diff
0 = NI
ADM
⊥ +N
kIADMk . (47)
Because the DIs of diffeomorphism are linear combinations of DIs known for the ADM
transformations, diffeomorphism is also a symmetry of the ADM action. Let us perform
some simple rearrangements,
ξkI
diff
k + ξ
0I
diff
0 = ξ
kIADMk + ξ
0
(
NIADM⊥ +N
kIADMk
)
= ξ0NIADM⊥ +
(
ξk + ξ0Nk
)
IADMk = ε˜
⊥IADM⊥ + ε˜
kIADMk ; (48)
this allows us to present the diffeomorphism transformations of the ADM action in a par-
ticular form, in which the ADM transformations have field-dependent parameters:
ε˜⊥ = Nξ0, (49)
ε˜k = ξ0Nk + ξk. (50)
Note that all of the different symmetries, which can be constructed using linear com-
binations of DIs, can be presented in such a form where a field-dependent redefinition of
parameters appears. This fact does not make these DIs equal because the gauge parameters
must be independent of fields; consequently, such relations (such as (49) and (50)) can be
used only as shorthand notation that might simplify some calculations. In the case of the
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EH action, it was possible to use such a presentation to write different transformations in
quasi-covariant form, and thus perform the calculations at once for all of the components
of the metric tensor [13]. For the ADM formulation, this technique is not possible because
of its non-covariant form; but relations (49)-(50) allow us to use the results of the previous
Section to help in the calculation of the commutators of the two transformations for the
ADM variables (we are interested in group properties of transformations (40)-(42)).
The transformations under diffeomorphism can be presented in the form of ADM trans-
formations with field-dependent parameters (which are shorthand notations (49)-(50))
δdiffN = ε˜
⊥
,kN
k − ε˜⊥,0 − ε˜kN,k ; (51)
and we can find the commutator (to shorten notation, we use δdiff ≡ δ˜)
(
δ˜2δ˜1 − δ˜1δ˜2
)
N = δ˜2
(
ε˜⊥1,kN
k − ε˜⊥1,0 − ε˜k1N,k
)− δ˜1 (ε˜⊥2,kNk − ε˜⊥2,0 − ε˜k2N,k)
that, taking into account the field-dependent representation of parameters (49)-(50), can be
written as
(
δ˜2δ˜1 − δ˜1δ˜2
)
N = ε˜⊥1,kδ˜2N
k − ε˜k1 δ˜2N,k − ε˜⊥2,kδ˜1Nk + ε˜k2 δ˜1N,k (52)
+Nkδ˜2ε˜
⊥
1,k − δ˜2ε˜⊥1,0 −N,kδ˜2ε˜k1 −Nk δ˜1ε˜⊥2,k + δ˜1ε˜⊥2,0 +N,kδ˜1ε˜k2 .
The first line corresponds exactly to the previous calculations (24) (of course, with a new
field-dependent parameter), so we can use the previous result, and substitute parameters
(49)-(50) into (52). The last line of (52) gives additional terms, which can be combined to
obtain
Nk
(
δ˜2ε˜
⊥
1 − δ˜1ε˜⊥2
)
,k
−
(
δ˜2ε˜
⊥
1 − δ˜1ε˜⊥2
)
,0
−
(
δ˜2ε˜
k
1 − δ˜1ε˜k2
)
N,k .
The composition of the parameters is now given by
ε˜⊥[1,2] = −ε˜k1 ε˜⊥2,k + ε˜k2 ε˜⊥1,k + δ˜2ε˜⊥1 − δ˜1ε˜⊥2
= −ε˜k1 ε˜⊥2,k + ε˜k2 ε˜⊥1,k + ξ01 δ˜2N − ξ02 δ˜1N . (53)
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Performing further calculation gives
ε˜⊥[1,2] = N
(−ξk1ξ02,k + ξk2ξ01,k − ξ01ξ02,0 + ξ02ξ01,0) = Nξ0[1,2] = N (−ξα1 ξ02,α + ξα2 ξ01,α) ,
with
ξ0[1,2] = ξ
α
2 ξ
0
1,α − ξα1 ξ02,α . (54)
Note that a covariant form is partially restored. The same can be confirmed for the second
parameter,
ε˜k[1,2] = ε
1⊥
,mε
2⊥emk − ε1iε2k,i − ε2⊥,mε1⊥emk + ε2iε1k,i + δ˜2ε˜k1 − δ˜1ε˜k2 , (55)
which can also be presented in semi-covariant form
ε˜k[1,2] = ξ
k
[1,2] = ξ
α
2 ξ
k
1,α − ξα1 ξk2,α . (56)
In spite of using non-covariant ADM variables for the diffeomorphism transformations,
which are not only complicated expressions, but different for each field (N,Nk, gkm), the
parameters are redefined in a covariant way. The combination of (54) and (56) obviously
can be written in a covariant form
ξ
µ
[1,2] = ξ
α
2 ξ
µ
1,α − ξα1 ξµ2,α . (57)
Because the variables are not covariant, the complete proof is more complicated. To
verify (57) for all fields similar calculations must be repeated for the remaining fields, and
the consistency of the redefinition of parameters must be checked. Such calculations confirm
that the above redefinition is preserved for all fields, i.e.
(
δ˜2δ˜1 − δ˜1δ˜2
)


N
N i
gkm

 = δ˜[1,2]


N
N i
gkm

 . (58)
Fields are absent in (54) and (56), that is why the correctness of the Jacobi identity for
double commutators is evident, i.e. the group properties are preserved. So among the four
cases (a) - (d), which are discussed in [13], the last one, (d), is realized – the EH and ADM
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actions are invariant under diffeomorphism, the only symmetry with the group property.
But this result raised many questions, some of which were briefly discussed in [13].
One question is: what is the origin of the statements, so often made in the literature,
that the ADM action is invariant only under spatial diffeomorphism? As we have shown
in the present paper, the ADM variables (all of them: N,N i and gkm) are invariant under
the diffeomorphism transformations (40)-(42) that correspond to the DIs (46)-(47). Al-
though these DIs are non-covariant, they lead to the invariance of the ADM action under
4-diffeomorphism. Therefore the assertion of Kuchar and Isham [12] that “the full group of
spacetime diffeomorphism has somehow got lost in making the transition from the Hilbert
action to the Dirac-ADM action” is not correct. The statements about spatial diffeomor-
phism can even be found in earlier papers that describe the first attempts to perform the
Hamiltonian analysis of GR. For example, in [43] it is written: “It is clear that Hu (x) [7]
is just the set of infinitesimal generators of the group of general coordinate transformations
on the potential grs”
8 (see also [45]) and continue to propagate to more recent papers, e.g.
in [42]: “the diffeomorphism constraint can be shown to be associated with the invariance
of general relativity under spatial diffeomorphism”, or in [46]: “the momentum constraints
... generate diffeomorphism of 3-metric gab”.
As we have shown in [5], a spatial diffeomorphism alone cannot be obtained directly in
the course of the Hamiltonian analysis of the ADM formulation without some unjustified
manipulations, such as: disregarding primary first-class constraints9; promoting secondary
constraints into primary; and leaving only one, “diffeomorphism”, constraint in the gauge
generator, which would produce spatial diffeomorphism only for gkm. But such manipula-
tions contradict any procedure for finding gauge transformations and cannot be seriously
considered. The Dirac Hamiltonian procedure applied to the ADM action leads to different
gauge transformations: (15)-(17). To derive the gauge transformations for the ADM or EH
Hamiltonian formulations, all the first-class constraints, four primary and four secondary,
are needed. Using only three constraints to produce a splinter of gauge transformations is
7 In “modern” language: “diffeomorphism”, or “momentum”, constraint.
8 In Erratum [44], Higgs commented that his “former statement is not quite correct” and “certain transver-
sality conditions” must be satisfied.
9 To quote Dirac [2]:“If we are to have any motion at all with a zero Hamiltonian, we must have at least
one primary constraint.”
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not understandable, and a “geometrical interpretation” is no justification.
The same is valid at the Lagrangian level. According to Noether’s theorem, there are four
independent DIs for the ADM or EH action, therefore, there are four independent parameters
in the gauge transformations. Let us assume that someone wants to use only three DIs, for
example Ik ≡ 0, and to set ε˜⊥ = 0, then the commutator of such transformations gives for
both (15)-(17) and (40)-(42)
(
δ˜(k)2δ˜(k)1 − δ˜(k)1δ˜(k)2
)


N
N i
gkm

 = δ˜(k)[1,2]


N
N i
gkm

 (59)
with
ξk[1,2] = ξ
m
2 ξ
k
1,m − ξm1 ξk2,m
(the subscript (k) in δ˜(k)i indicates that these transformations correspond to a spatial DI
Ik ≡ 0 only).
From (59) it looks as though spatial transformations can be considered separately from the
translation in the time direction. The situation is even more confusing because of (46), which
one might take as an indication of the presence of spatial diffeomorphism. Firstly, note that
all fields are engaged in (59), not just the spatial components of the metric tensor. Secondly,
the commutator of two transformations that involves only a “perpendicular” parameter ε˜⊥i
cannot be written in the form of “perpendicular” transformation with the new parameter
ε˜⊥[1,2], as was similarly done in (53) (note that ε˜
⊥
[1,2] in (53) also depends on ε˜
k
i , so the
“perpendicular” transformations do not form a group). And thirdly, DIs (44) and (45) are
satisfied identically if all ELDs are present. For example, if one takes the last three terms
in (44) or (45), which are the only terms responsible for the spatial diffeomorphism of gkm,
then such identities would vanish only if E = 0 and Ek = 0; but this can only happen if
the corresponding fields, N and N i, are not present in the Lagrangian (or N and N i are
constants). In such a case, however, the remainder of the action will not represent a gauge
theory at all because it will be quadratic in the first derivatives in time of gkm, which is an
invertible expression.
In relation to the Hamiltonian formulation (puzzle), there are other questions to ask:
why is it that when working with the original variable, the metric, the transformation
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that follows from the constraint structure of the PSS and Dirac Hamiltonian formulations
is diffeomorphism? This is the only symmetry with a group property, out of the many
transformations that can be constructed using modifications of the DIs for the EH action
[13]; yet when the same Dirac method is applied to the ADM action, a different symmetry
follows, and because this symmetry is different, the two formulations are not canonically
related. Is it “the contradiction that again witnesses about the incompleteness of theoretical
foundation” [47]? Working with the original Einstein’s variables, the Hamiltonian procedure
produces diffeomorphism transformations as in all field theories when the original, natural
choice of variables is used; there is nothing puzzling in such a result. Is it puzzling that the
Dirac procedure gives a different symmetry for the ADM action? “Would not it be better
to restrict ourselves by transformations in phase space of original canonical variables in
the sense of Dirac?” [47]; this solution has to be rejected according to [47] by the reasoning
that the ADM parametrization “is preferable because of its geometrical interpretation”. But
what about many other possible changes of field variables? Are they not also subject to this
criterion? And why is it that their possible geometrical interpretation also not significant
or preferable? Do we need this plurality10?
The Dirac method does not produce diffeomorphism transformations for the ADM vari-
ables (or for any other possible parametrization of fields, except the original variable – the
metric); and because of this fact, it is claimed in [47] that the Dirac method is “not fun-
damental and undoubted”, which suggests that the puzzle is related to the Dirac method.
These suppositions are rooted in the choice of preferable geometrical interpretation. If some-
one is satisfied with the geometrical meaning of the metric and with the original formulation
of Einstein, then no puzzle exists, and the Dirac approach is fundamental; but if another,
geometrical meaning (or interpretation) is preferred11, which is considered more fundamen-
tal than the geometrical meaning of the metric, then the Dirac approach is judged not to
10 The explanation of why we have a plurality of parametrizations, but only one should be chosen, is similar
to the reason why Einstein rejected extra dimensions [48]: “It is anomalous to replace the four-dimensional
continuum by a five-dimensional one and then subsequently to tie up artificially one of these five dimensions
in order to account for the fact that it does not manifest itself”.
11 There are many possible reasons, e.g.“ to recover the old comforts of a Hamiltonian-like scheme: a system
of hypersurfaces stacked in a well-defined way in space-time, with the system of dynamical variables
distributed over these hypersurfaces and developing uniquely from one hypersurface to another” [49], or
in [50]: “ Although ‘reasonable’ from the point of view of classical Laplacian determinism, the assumption
of the existence of a global Cauchy hypersurface is hard to justify from the standpoint of general relativity.”
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be fundamental and it must be modified or substituted with another method.
Would it not be better to argue that the ADM variables (and all other possible
parametrizations, except the metric) are not fundamental and undoubted, instead of the
Dirac method, and that the geometrical interpretation of the ADM variables is in contra-
diction with the geometrical meaning of Einstein’s theory? We provide such arguments in
Discussion.
V. DISCUSSION
In our previous paper [13], we analyzed the group properties of different symmetries
of the EH action. We found that among the plurality of gauge symmetries and gauge
transformations, which can be built by modifying Noether’s DIs of the EH action, there
is one symmetry, diffeomorphism, with a group property [13]. Other DIs can be obtained
by writing different linear combinations of known DIs. These new DIs correspond to field-
dependent redefinitions of gauge parameters in a formal way. Such a correspondence should
not be taken as another representation of the same symmetry because these DIs describe
different symmetries. This can be said about the ADM transformations: despite being
called the “field-dependent diffeomorphism”, they differ from diffeomorphism and do not
have group properties [13]. Further, such modifications as were made to obtain the ADM
transformations destroy the covariant character of the basic Noether’s DI (21) of the EH
action; and in addition to the disappearance of group properties, such DIs also effectively
impose severe restrictions on possible coordinate transformations (in generally covariant
theory!): “the most general set of coordinate transformations is reduced to arbitrary 3-
dimensional transformations and time reparametrization” [1].
In the present paper we performed an analysis similar to that in [13] for the ADM action:
studying group properties under the same transformations – diffeomorphism and the ADM
symmetry. As in the case of the EH action, these two (and many more) symmetries leave
the action invariant, but only diffeomorphism has a group property, despite diffeomorphism
transformations for the ADM action having a very different form compared to those of the
EH action. As we have mentioned before, this result contradicts the statement of Isham and
Kuchar [12]: “the full group of spacetime diffeomorphisms has somehow got lost in making
the transition from the Hilbert action to the Dirac-ADM action”. In general, any symmetry
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of the EH action that one can construct by modification of basic DIs is also a symmetry
of the ADM action, and vice versa. This can be demonstrated in general because any DI
written for one field parametrization can be rewritten for another. Note that a plurality
of symmetries in one parametrization can be eliminated if we restrict our choice to the
symmetries that possess group properties; but for this one particular symmetry there is still
a plurality of parametrization choices.
The modification of any DI under the change of field variables is a general procedure.
According to Noether’s theorem, if a transformation is known, then the corresponding DI
can be easily found. If the variables are changed, then the same changes should appear in
the corresponding DIs. We shall briefly describe this procedure using the ADM variables as
an illustrative example, and one particular DI that is responsible for diffeomorphism.
Let us consider
LEH (gµν)→ LDirac (gµν)→ LADM
(
gµν
(
N,N i, gkm
))
. (60)
If we know the DI for the original formulation (the EH action)
Iα = −2 (gµνEµα),ν − gµν,α Eµν ≡ 0, (61)
then we can determine how this DI transforms under a change of variables. (We use the
identity with a covariant index Iα, instead of I
α from (21), because of the specific form of
the ADM change of field variables, see (7).)
We express (61) in terms of the new fields and ELDs that follow from the new Lagrangian.
Variations and ELDs are simply connected (the chain rule). If we want the contravariant
parameter ξµ, we must seek the relation of the new ELDs E,Ei , and E
km
ADM with Eµν
of the original action and corresponding DIs, i.e. perform a variation with respect to a
contravariant metric,
E =
δL
δN
=
δL
δgµν
δgµν
δN
= Eµν
δgµν
δN
= 2E00
1
N3
− 4E0kN
k
N3
+ 2Epq
NpN q
N3
, (62)
Ei =
δL
δN i
=
δL
δgµν
δgµν
δN i
= Eµν
δgµν
δN i
= +2E0k
1
N2
− 2EkqN
q
N2
, (63)
EkmADM =
δL
δgkm
=
δL
δgµν
δgµν
δgkm
= Eµν
δgµν
δgkm
= −Epqepkeqm. (64)
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Solving these equations for the ELDs of the original formulation (ELDs of the EH action)
gives
Epq = −gpkgqmEkmADM , (65)
E0k =
1
2
N2Ek −N qgpkgqmEpmADM , (66)
and
E00 =
1
2
N3E +N2NkEk −N qNkgpkgqmEpmADM . (67)
Substituting equations (65)-(67) into (61), and also by expressing the contravariant metric
in terms of the ADM variables using (7), the same DIs (44)-(45) follow. Therefore, if a DI
is known we can easily find a new one based on a known change of variables; in particular,
one may find the DI that describes the canonical (with group property) symmetry of the
EH action: diffeomorphism.
Note that if the Lagrangian method is to be considered an algorithm12 for finding an a
priori unknown gauge invariance, then one has to develop some procedure to build DIs from
a given set of ELDs. For covariant theories, where a covariant result should be expected for
the DIs, there is not much flexibility in constructing the DIs; among the plurality of possible
DIs, we should choose (almost uniquely) DIs such as (21) or (61) for the EH action. But it
is not clear to us how to formulate an algorithm that, for example for the ADM Lagrangian,
uniquely chooses DIs such as (44)-(45) instead of the DIs for the ADM transformations (19)-
(20) which are simpler. What procedure and what criteria could one possibly use to select
such DIs, among the plurality of DIs, without the structure and guidance from covariance?
Is it acceptable to have this plurality of parametrizations (ADM is only one of the many
possible) and are they all equally good? Alternatively, as in the case of changing the DI in a
particular parametrization, can some condition be found that allows us to choose a unique
parametrization? In the original, natural parametrization of the EH action, which supports
12 Exactly as Hamiltonian methods are often presented, e.g. [29]: “one of the advantages of the Hamiltonian
formulation is that one does not have to specify the gauge symmetries a priori. Instead, the structure of
the Hamiltonian constraints provides an essentially algorithmic way in which the correct gauge symmetry
structure is determined automatically”.
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manifest covariance, the DI that corresponds to diffeomorphism is a covariant expression;
both DIs, (21) and (61), are true vectors, and if a true vector equals zero in one coordinate
system then it is zero in all coordinate systems. All non-covariant parametrizations convert
these DIs into non-covariant expressions, which are not true vectors or tensors, and cannot
be zero in all coordinate systems. Only by imposing additional restrictions on possible coor-
dinate transformations can these non-covariant DIs keep their form. This limitation explains
the origin of yet another name for gauge invariance in the ADM formulation, “foliation pre-
serving diffeomorphism”, which reflects the nature of these severe restrictions. Only changes
of coordinates that preserve foliation are allowed: i.e. space-like surfaces go to space-like
surfaces (see [34] and references therein). It should be possible to explicitly relate the form
of DIs in different parametrizations to the restrictions on coordinate transformations that
they impose. So, only one original parametrization leads to a gauge invariance that is in-
dependent of a change of coordinates. The preservation of covariance in covariant gauge
theory must be adopted as one of the criteria for avoiding plurality.
Consider the Dirac Hamiltonian method; why does it pick only one symmetry in one
parametrization, and a different symmetry in another? How does this method, not be-
ing covariant in nature (time is singled out), successfully select the unique symmetry and
parametrization for a given action? Suppose we do not know a priori about the covari-
ance/parametrization of an action or its gauge symmetries. When Dirac’s method is applied
to the EH action in its original, metric form, despite that time plays a special role in Hamil-
tonian methods, covariance is not destroyed because at the end of the Dirac procedure the
transformations of the Lagrangian can be restored; they are covariant and exactly the same
as those known from the Lagrangian approach [5, 9]. Applying the same method (Dirac’s) to
the ADM Lagrangian (another parametrization) also gives a symmetry – the ADM symme-
try, which does not preserve the covariant form and does not have group properties. Dirac’s
method can be used to select the parametrization (that can be called “canonical”) in which
the Lagrangian is written in a natural form, and in which the “canonical” Hamiltonian leads
to the symmetry with group properties. Therefore, the advantage of the Dirac method lies
in its field-parametrization dependence, which compensates for the lack of manifest covari-
ance; and it is only because of its parametrization dependence that it can be useful in finding
canonical variables, canonical symmetry, et cetera.
Hamiltonian methods are very sensitive to the choice of parametrization in covariant theo-
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ries; this is clear from the effect that a non-covariant parametrization has on DIs, which after
non-covariant changes retain their form only under additional restrictions on the changes of
coordinate system. That is why it is important to choose the right parametrization before
the Hamiltonian method is applied. The answer to the question posed by Shestakova in
[47]: “Would not it be better to restrict ourself by transformations in phase space of original
canonical variables in the sense of Dirac?” is “yes”. Covariant theories (all fundamental
physical interactions are described by such theories) are built on the fundamental physical
principle – covariance; the gauge symmetries related to them are also expressed in covariant
form, and of course the use of natural variables in which the covariance is manifest is prefer-
able. But Shestakova made a different choice; she concluded that Dirac’s method is “not
fundamental and undoubted” because it is parametrization-dependent, and it prevents one
from obtaining diffeomorphism invariance for the ADM parametrization, which is considered
important because of its “geometrical interpretation” [47]. But this interpretation is related
to “foliation preserving diffeomorphism” and the restriction on coordinate transformations;
this is exactly the interpretation that Hawking stated “to be contrary to the whole spirit of
relativity” [51]. The true puzzle is why one would need to dismiss the Dirac method (and
covariance of the EH action) as not fundamental, and to search for “a clear proof” that can
“restore a legitimate status of the ADM parametrization” [47].
The parametrization dependence of Dirac’s method is not limited to compensating for the
lack of manifest covariance in his approach. It equally well plays an important role in non-
covariant models, where it also allows one to find the canonical or natural parametrization
of the gauge-invariant Lagrangian; in these variables, the corresponding symmetry has the
simplest commutator [52] (examples that explicitly illustrate this point and descriptions how
to find such parametrizations will be reported elsewhere [53]).
One additional advantage of Dirac’s method can be illustrated by the example of the
EH action, where even imposing a requirement to use covariant DIs at the Lagrangian level
leaves some freedom. One can build some additional covariant DIs, which are obviously
satisfied, for example (there are still only four independent DIs),
DνD
νIµ ≡ 0 or DνDµIν ≡ 0, (68)
and their corresponding transformations can be found. In the Hamiltonian analysis, how-
ever, it is not possible to obtain such transformations since it always picks the simplest one
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with the lowest possible order of derivatives of the ELDs in the DIs. The order of deriva-
tives is related to the degrees of freedom (DOF) counting in the Hamiltonian formulation for
constrained systems (e.g. see [54]), which is based on the constraint structure of the Hamil-
tonian formulations: the length of constraint chains is related to the order of derivatives
of the gauge parameters presented in the gauge transformation and the number of primary
first-class constraints equals the number of gauge parameters. For DIs such as (68), there
should be constraints up to fourth-order, and four gauge parameters, i.e. minus 16 DOF
for only ten components of metric; this is a negative number and, therefore, not a physical
result.
VI. CONCLUSION
Our original intention for writing the present paper was to provide the solution to the
“non-canonicity puzzle” described in [1]. Using the Lagrangian method, we have already
shown in [13] that the EH action is invariant under both transformations – diffeomorphism
and the one that follows from the Hamiltonian formulation of the ADM gravity. The same
was also confirmed for the ADM action: it is invariant under both these transformations.
Therefore diffeomorphism is not lost in the ADM action at the Lagrangian level; yet, this
is not the solution to the “puzzle” because these two formulations (EH and ADM) are not
equivalent at the Hamiltonian level, and the Dirac analysis leads to unique, though different
gauge symmetries for these two formulations.
What is a possible solution to the “puzzle”? One solution would be to modify the Dirac
procedure and force it to produce the “expected symmetry” for all conceivable parametriza-
tions. Another solution would be to respect the plurality of gauge symmetries at the La-
grangian level, and to try to relate each symmetry at the Lagrangian level to a particular
parametrization that leads uniquely to this symmetry at the Hamiltonian level (i.e. do not
modify the Dirac procedure). Returning to the epigraph of our paper: “Plurality must
never be posited without necessity”, we are faced with another question: are all possible
parametrizations and DIs equally good? Among the plurality of parametrizations and gauge
symmetries (linear combinations of DIs), there is one Lagrangian symmetry that possesses
a group property – diffeomorphism; and it is exactly this symmetry that follows naturally
from the original Einstein formulation of General Relativity.
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If we start from the EH action
SEH =
∫ √−gRd4x , (69)
for which the ELD is
Eαβ =
δLEH
δgαβ
=
√−g
(
1
2
gαβR−Rαβ
)
, (70)
then it leads to the DI
Iµ = ∇νEµν ≡ 0 (71)
and the corresponding gauge transformation:
δgµν = −∇µξν −∇νξµ . (72)
Note, all these expressions are generally covariant. In natural parametrization, metric ten-
sor, the Dirac procedure leads exactly to the same symmetry at the Hamiltonian level [5, 9].
All other field parametrizations (e.g. ADM) can be used to rewrite (70) - (72), but gen-
eral covariance would be lost. In addition, the Dirac procedure would produce different
symmetries for different filed parametrizations.
When delivering the 1933 Herbert Spencer lecture, Einstein said: “It is the grand object
of all theory to make these irreducible elements as simple and as few in number as possible,
without having to renounce the adequate representation of any empirical content whatever”,
and later: “Our experience hitherto justifies us in believing that nature is the realization of
the simplest conceivable mathematical ideas” [55]. What could be simpler than equations
(69)-(72)? Do we need another set of field variables that will complicate them and destroy
covariance?
There is no “non-canonicity puzzle”, and there is no “contradiction that again witnesses
about the incompleteness of the theoretical foundation” [47], unless one desperately wants
to find “a clear proof” of the legitimacy of the non-covariant ADM variables because these
variables are a “common currency” [30]. In our opinion, to support the legitimacy of the
common currency and its derivatives may incur a high cost; indeed, one might barter away
valuable physical assets.
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